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Abstract
We give two sucient conditions for a hypergroupoid to be a feeble semi-hypergroupoid and
a sucient condition to be a feeble hypergroup. We show that every hypergroup in the class of
the k-quasi-Steiner hypergroupoids is feebly associative. Finally, we apply these algebraic results
to study Steiner systems; in particular, we give a necessary and sucient condition for a Steiner
system to be a projective plane. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let (H; ) be a hypergroupoid, that is a non-empty set H equipped with a hyper-
operation , that is a map  :H  H ! P(H), where P(H) denotes the family of






A  ;= ;  A= ;:
Denition 1.1. A hypergroupoid (H; ) is said to be a semi-hypergroup if and only if
8(x1; x2; x3) 2 H 3; x1  (x2  x3) = (x1  x2)  x3:
A hypergroupoid (H; ) is said to be reproductive to the right if and only if
8x 2 H; x  H = H:
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Analogously, we dene the hypergroupoid reproductive to the left. A hypergroupoid
reproductive to the right and to the left is said to be reproductive (or quasi-hypergroup).
A reproductive semi-hypergroup is said to be a hypergroup.
In a hypergroupoid (H; ) we can dene a hyperproduct of n elements of H , called
























Sometimes, we will write j \ j (x1; : : : ; xn) in place of j \ jni=1 xi to specify which
elements are hypercomposed in the intersection hyperproduct. Clearly, if (H; ) is
a semi-hypergroup, the preceding denition is trivial. Now we recall the following
denitions (see [4,7]):
Denition 1.2. A hypergroupoid (H; ) is said to be a Hv-semigroup if and only if






8(x1; x2; x3) 2 H 3; x1  (x2  x3) \ (x1  x2)  x3 6= ;:
Denition 1.3. A hypergroupoid (H; ) is said to be feebly associative if and only if





Clearly, any feebly associative hypergroupoid is an Hv-semigroup, but the converse,
in general, is not true, as we can see in the following:
Example 1.1. Let (H; ) be the hypergroupoid dened by the following table:
 1 2 3 4
1 1; 3 2 3; 4 1; 2
2 1; 2 3 1; 3; 4 3
3 1; 3 1 2; 3 1; 2; 3
4 2; 4 1; 4 1; 3 2; 3; 4
Simple calculations show that (H; ) is a Hv-semigroup; clearly, it is reproductive to
the left, but it is not reproductive to the right, since 3H=f1; 2; 3g. This hypergroupoid




xi = 4  j \ j(2; 2; 2) \ (4  2)  (2  2) \ j \ j(4; 2; 2)  2
= 4  1 \ f1; 4g  f3g \ 1  2 = f2; 4g \ f1; 3; 4g \ f2g= ;:
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Denition 1.4. A feebly associative hypergroupoid (H; ) is said to be a feeble semi-
hypergroup to the right if and only if










Analogously, (H; ) is said to be a feeble semi-hypergroup to the left if and only if










A feeble semi-hypergroup to the right and to the left is said to be a feeble semi-
hypergroup. A reproductive feeble semi-hypergroup is said to be a feeble hypergroup.
2. On the existence of feeble semi-hypergroups and feeble hypergroups
We already know some sucient conditions for the existence of feebly associative
hypergroupoids (see [2,5]), but no condition for feeble semi-hypergroups and feeble
hypergroups. In this section we investigate the existence of these hyperstructures.
Theorem 2.1. Let (H; ) be a hypergroupoid. If
8x; y 2 H; y 2 x  y;
then (H; ) is a feeble semi-hypergroup; reproductive to the right.
Proof. Clearly, (H; ) is reproductive to the right, because, by hypothesis, it follows
that
8x 2 H; H = x  H:
Now we prove that (H; ) is feebly associative; more precisely, we will show that





We prove (2.1) by induction on n. For n= 1 (2.1) holds by denition of intersection
hyperproduct and for n = 2 it holds by hypothesis. Now we suppose that (2.1) holds
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By induction, it follows that

























that is (2.1) holds. So, (H; ) is feebly associative.
To prove that (H; ) is a feeble semi-hypergroup to the right, it is enough to note
that the hypothesis together with (2.1) implies










Now, we prove that (H; ) is a feeble semi-hypergroup to the left. To prove this, we
will show that









We prove (2.2) by induction on n. For n = 1 (2.2) holds by hypothesis. Now, we
suppose that (2.2) holds 8k6n−1 and we prove that it holds for n. Let x 2 j \ jni=1 xi;
by denition of intersection hyperproduct, we must show that









By induction, we have



























From x 2 j \ jni=1 xi and by denition of intersection hyperproduct it follows that
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and therefore





















because, by the hypothesis x0x3 x. This proves (2.2). Now from this and by hypothesis
it follows that










that is (H; ) is a feeble semi-hypergroup to the left. The proof is now complete.
A similar argument may be used to prove the following theorem.
Theorem 2.2. Let (H; ) be a hypergroupoid. If
8x; y 2 H; x 2 x  y;
then (H; ) is a feeble semi-hypergroup; reproductive to the left.
Corollary 2.3. Let (H; ) be a hypergroupoid. If
8x; y 2 H; fx; yg x  y;
then (H; ) is a feeble hypergroup.
3. Quasi-Steiner hypergroupoids
In this section we study a class of hypergroupoids, called quasi-Steiner hyper-
groupoids, showing that every one of these hyperstructures is feebly associative and
(except for one sporadic case) not associative. First of all, we recall that a k-Steiner
system is a geometric space (H; L) where H is a non-empty set, whose elements are
called points, and L is a family of non-empty subsets of H , whose elements are called
lines, such that every line has k points and any two distinct points are contained in a
unique line.
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We recall the following denition and properties (see [3]):
Denition 3.1. A hypergroupoid (H; ) is said to be a k-quasi-Steiner hypergroupoid
(k>2) (or simply quasi-Steiner hypergroupoid), if and only if the following conditions
are satised:
(1) 8x; y 2 H; x 6= y; fx; yg x  y;
(2) 8x; y 2 H; jx  yj= k;
(3) 8x; y; z; t 2 H; jx  y \ z  tj> 1) x  y = z  t.
Proposition 3.1. Any quasi-Steiner hypergroupoid (H; ) is commutative and repro-
ductive.
Let (H;L) be a k-Steiner system; we can dene on H a hyperoperation by setting
8x; y 2 H; x  y =

lxy if x 6= y;
lx if x = y;
where lxy denote the unique line troughs x and y and lx is an arbitrary line of L.
Clearly, (H; ) is a k-quasi-Steiner hypergroupoid that we will call associated to (H;L).
Conversely, if (H; ) is a k-quasi-Steiner hypergroupoid and if we consider the family
L= fx  yg(x;y)2HH ;
then (H;L) is a k-Steiner system. So, the notions of k-Steiner system and k-quasi-Steiner
hypergroupoid are equivalent.
Remark 3.1. If (H;L) is a Steiner system, with jH j= v, jLj= b, then the number of
quasi-Steiner hypergroupoids associated to (H;L) is bv.
Lemma 3.2. Let (H;L) be a Steiner system; (H; ) an associated quasi-Steiner hyper-
groupoid; let AH; jAj>2. Then
8x 2 H; x  AAA  x:
Proof. We only need to show the rst inclusion, because the second one follows from
the commutativity of a quasi-Steiner hypergroupoid. Two cases may occur:
1. x 2 A;
2. x 62 A.
In the rst case, since jAj>2, then 9y 2 A− fxg, and so







By denition of a quasi-Steiner hypergroupoid, x 6= y implies that
x  yfx; yg
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and therefore[
y2A−fxg
x  y x [ (A− fxg) = A:





Lemma 3.3. Let (H;L) be a Steiner system; (H; ) an associated quasi-Steiner hyper-





Proof. We will show the inclusion in all possible cases, that is
1. x1 = x2 = x3;
2. x1 = x2;
3. x1 = x3;
4. x2 = x3.
Case 1: If we set x1 = x2 = x3 = x, we must show that
x  (x  x) \ (x  x)  x lx:
This is true by the previous lemma.
Case 2: If we set x1 = x2 = x, x3 = y, we must show that
x  (x  y) \ (x  x)  y lx:
By denition of quasi-Steiner hypergroupoid and from the previous lemma, it follows
that
x  (x  y) = x  lxy  x  x = lx;
(x  x)  y = lx  y lx
hence the claim is proved.
Case 3: If we set x1 = x3 = x, x2 = y, we must show that
x  (y  x) \ (x  y)  x lx:
By denition of quasi-Steiner hypergroupoid, we have
x  (y  x) x  x = lx = x  x(x  y)  x
hence the claim is proved.
Case 4: It follows from case 2 and from the commutativity of a quasi-Steiner
hypergroupoid.
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Lemma 3.4. Let (H;L) be a Steiner system; with v points; let (H; ) be an associated
quasi-Steiner hypergroupoid. Then we have





Proof. We will show the lemma only for x1; the proof for xn is similar. We use
induction on n.
For n= 2 the lemma is true by denition of quasi-Steiner hypergroupoid.






























xi 8k = 1; 2; : : : ; n− 1
and therefore








xi 8k = 1; 2; : : : ; n− 1:
So the lemma is proved.
Lemma 3.5. Let (H;L) be a Steiner system; with v points; let (H; ) be an associated
quasi-Steiner hypergroupoid. Then we have























By the previous lemma it follows that
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Lemma 3.6. Let (H;L) be a Steiner system; let (H; ) be an associated quasi-Steiner





Proof. We will show the lemma by induction on n. For n = 3, the lemma is true by
Lemma 3.3. Now we suppose that the lemma is true 8k6n− 1 and we prove it for n.


















So, it is enough to show that








xi lxr : (3.1)
We can suppose, without loss of generality, that r < s; then, 3 cases may occur:
1. 16r < s<k,
2. k + 16r < s6n+ 1,
3. 16r6k; k + 16s6n+ 1.
















So, in any case, from Lemma 3.2 it follows that (3.1) is true.
Case 2: Analogous to the previous case.
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xi lxr  lxs :
Thus, (3.1) follows because of
xr  xs = lxr
and, from Lemma 3:1
xr  lxs  lxr ; lxr  xs lxr ; lxr  lxs  lxr :
It remains to prove (3.2).
If
9t 2 f1; : : : ; kg; t 6= r: xt = xr;






and (3.2) is proved in this case.
Now we suppose that
8i 6= r; 16i6k; xi 6= xr (3.3)



































xi = fxrg; xr 62 lxr : (3.5)
We prove that the second case cannot occur; in fact,
if
9t; u 2 f1; : : : ; k1g or 9t; u 2 fk1 + 1; : : : ; kg; t 6= u: xt = xu











that is, (3.5) is not possible;
if
8i; j 2 f1; : : : ; k1g; 8i; j 2 fk1; : : : ; kg; i 6= j)xi 6= xj;
























xifx1; xk1+1g with x1 6= xk1+1:

















Applying again this argument gives nally
xr 62 xr−1  xr; xr 62 xr  xr+1
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and so, by denition of quasi-Steiner hypergroupoid, it follows that
xr = xr−1; xr = xr+1
which is a contradiction by 3:3. The proof is now complete.
Now we can prove the following:
Theorem 3.7. Let (H;L) be a Steiner system. Then any associated quasi-Steiner
hypergroupoid is feebly associative.
Proof. We must show that





From Lemmas 3.5 and 3.6 it follows that
if













So, in any case the theorem is proved.
Theorem 3.8. Let (H;L) be a k-Steiner system with v points. If 36k6v − 1 then
any associated quasi-Steiner hypergroupoid is not associative.
Proof. Let x 2 H ; from k6v − 1 it follows that there exists more than one block in
L, and therefore:
9y 6= x: y 62 lx:
We will prove that
x  (x  y) 6= (x  x)  y:
The hyperproduct on the left is






A= lx [ lxy:
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So, it is enough to show that
9w 2 (x  x)  y: w 62 lx [ lxy: (3.6)
We have
(x  x)  y = lx  y =
[
t2lx
t  y: (3.7)
If x 2 lx, then with k>3, we have that
9t1; t2 2 lx − fxg: t1 6= t2;
if x 62 lx, then
8t 2 lx ) t 6= x:
So, in any case, we have
9t1; t2 2 lx: x; t1; t2 are pairwise distinct:
We have also
t1 6= y 6= t2;
because y 62 lx. We observe that if t1; t2 2 lxy then we have
lx = lt1t2 = lxy
and therefore y 2 lx which is a contradiction. So, we can suppose, by changing even-
tually the choice t1, that is
t1 62 lxy: (3.8)
Now, from k>3, it follows that
9w 2 lt1y: t1 6= w 6= y:
We have
w 2 lt1y = t1  y with t1 2 lx
and therefore, by (3.7), it follows that
w 2 (x  x)  y:
We will prove now that
w 62 lx [ lxy:
1. If w 2 lx, then from w 2 lt1y it follows that y 2 lt1w; so w and t1 are two distinct
points of lx, and therefore
lx = lt1w;
so, y 2 lx, which is a contradiction.
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2. If w 2 lxy, then from w 2 lt1y it follows that t1 2 lwy; so w and y are two distinct
points of lxy, and therefore
lxy = lwy;
so, t1 2 lxy, which is a contradiction by (3.8).
So, (3.6) holds and the proof is now complete.
We stress that the hypothesis 36k6v − 1 in the preceding theorem is necessary.
In fact, if k = v the Steiner system (H;L) will have only one block and so the only
quasi-Steiner hypergroupoid associated to such a Steiner system is the total hypergroup
dened by
8x; y 2 H; x  y = H:
If k = 2 we can consider the following counterexample:
Example 3.1. Let (H;L)  S(2; 2; 4), that is the ane plane of order 2; then there
exist exactly three hypergroups associated to S(2; 2; 4). The proof is done by computer;
the tables of the these hypergroups are the following:
 1 2 3 4
1 1,2 1,2 1,3 1,4
2 1,2 1,2 2,3 2,4
3 1,3 2,3 3,4 3,4
4 1,4 2,4 3,4 3,4
 1 2 3 4
1 1,3 1,2 1,3 1,4
2 1,2 2,4 2,3 2,4
3 1,3 2,3 1,3 3,4
4 1,4 2,4 3,4 2,4
 1 2 3 4
1 1,4 1,2 1,3 1,4
2 1,2 2,3 2,3 2,4
3 1,3 2,3 2,3 3,4
4 1,4 2,4 3,4 1,4
4. Feeble hypergroups and projective planes
In any quasi-Steiner hypergroupoid the sucient condition for the existence of feeble
hypergroups in Corollary 2.3 is satised, by denition, for every pair of distinct points;
so, in this case, we can rewrite Corollary 2.3 as follows:
Theorem 4.1. Let (H; ) be a quasi-Steiner hypergroupoid associated to a Steiner
system (H; L). If
8x 2 H; x 2 lx;
then (H; ) is a feeble hypergroup.
Not all quasi-Steiner hypergroupoids are feeble hypergroups; in fact, the follow-
ing two theorems give sucient conditions for the existence of quasi-Steiner hyper-
groupoids which are not feeble hypergroups.
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Theorem 4.2. Let (H; ) be a quasi-Steiner hypergroupoid associated to a Steiner
system (H; L). If
1. 9x 2 H : x 2 lx;
2. 9y 2 lx: lx \ ly = ;;
then (H; ) is not a feeble hypergroup.
Proof. We only need to show that








xi \ (p  xn+1) = ;:




xi = x  (x  y) \ (x  x)  y = x  lxy \ lx  y = (lx [ lxy) \ (lx  y);
but x; y 2 lx with x 6= y and so
lx = lxy;
and therefore





xi = lx \ (lx [ ly) = lx:
On the other hand, we have





xi \ (p  x3) = lx \ ly = ;:
Theorem 4.3. Let (H; ) be a quasi-Steiner hypergroupoid associated to a Steiner
system (H; L). If
1. 9x 2 H : x 62 lx;
2. 9y 2 lx: ly \ lx = ; and ly \ lxy = ;;
then (H; ) is not a feeble hypergroup.
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Proof. As in the preceding theorem, we only need to show that








xi \ (p  xn+1) = ;:




xi = x  (x  y) \ (x  x)  y = x  lxy \ lx  y = (lx [ lxy) \ (lx [ ly) = lx;
and
p  x3 = y  y = ly:




xi \ (p  x3) = lx \ ly = ;:
Example 4.1. Let (H; L)  S(2; 3; 9) that is the ane plane of order 3; let (H; ) be
the associated quasi-Steiner hypergroupoid dened by the following table:
 1 2 3 4 5 6 7 8 9
1 1,5,9 1,2,3 1,2,3 1,4,7 1,5,9 1,6,8 1,4,7 1,6,8 1,5,9
2 1,2,3 3,4,8 1,2,3 2,4,9 2,5,8 2,6,7 2,6,7 2,5,8 2,4,9
3 1,2 3 1,2,3 2,4,9 3,4,8 3,5,7 3,6,9 3,5,7 3,4,8 3,6,9
4 1,4,7 2,4,9 3,4,8 1,4,7 4,5,6 4,5,6 1,4,7 3,4,8 2,4,9
5 1,5,9 2,5,8 3,5,7 4,5,6 2,6,7 4,5,6 3,5,7 2,5,8 1,5,9
6 1,6,8 2,6,7 3,6,9 4,5,6 4,5,6 1,6,8 2,6,7 1,6,8 3,6,9
7 1,4,7 2,6,7 3,5,7 1,4,7 3,5,7 2,6,7 3,5,7 7,8,9 7,8,9
8 1,6,8 2,5,8 3,4,8 3,4,8 2,5,8 1,6,8 7,8,9 3,6,9 7,8,9
9 1,5,9 2,4,9 3,6,9 2,4,9 1,5,9 3,6,9 7,8,9 7,8,9 1,2,3
This hypergroupoid satises the conditions of Theorem 4.2 with x = 1 and y = 5; so,
it is not a feeble hypergroup.
Now we can prove the following:
Theorem 4.4. Let (H; L) be a Steiner system. (H; L) is a projective plane if and
only if any associated quasi-Steiner hypergroupoid is a feeble hypergroup.
Proof. Suciency: We prove that if (H; L) is not a projective plane, then there
exists an associated quasi-Steiner hypergroupoid which is not a feeble hypergroup. This
follows immediately from the preceding theorems; in fact, if (H; L) is not a projective
plane, then there exists two disjoint blocks, say l; l0; so, we can choose lx = l; ly = l0
and we obtain that this quasi-Steiner hypergroupoid is not a feeble hypergroup.
Necessity: From Theorem 3.7, it follows that every associated quasi-Steiner hyper-
groupoid (H; ) is feebly associative and, from Proposition 3.1, that it is reproductive;
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so, we only need to show that




















From Proposition 3.1, it follows that (H; ) is commutative; so, it only suces to show
the second one. From Lemmas 3.5 and 3.6, it follows that









xi \ (x  xn+1) l \ lx; x n−1 :




xi \ (x  xn+1) 6= ;:
The proof is now complete.
5. For further reading
The following references are also of interest to the reader: [1,6].
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